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What Practitioners Need To Know . .

Mark Kritzman
Windbam Capital
Manragement

Optimization is a process by
which we determine the most
favorable tradeoff between com-
peting interests, given the con-
straints we face. Within the con-
text of portfolio management, the
competing interests are risk re-
duction and return enhancement.
Asset allocation is one form of
optimization. We use an opti-
mizer to identify the asset weights
that produce the lowest level of
risk for various levels of expected
return. Optimization is also used
to construct portfolios of securi-
ties that minimize risk in terms of
tracking error relative to a bench-
mark portfolio. In these applica-
tions, we are usually faced with
the constraint that the asset
weights must sum to one.

We can also employ optimization
techniques to manage strategies
that call for offsetting long and
short positions. Suppose, for ex-
ample, that we wish to purchase
currencies expected to yield high
returns and to sell currencies ex-
pected to yield low returns, with
the net result that we are neither
long nor short the local currency.
In this case, we would impose a
constraint that the currency expo-
sures sum to zero.

This column is intended as a tu-
torial on optimization. We will
demonstrate, through the use of
numerical examples, how to opti-
mize a two-asset portfolio with
only a pencil and the back of an
envelope. If you wish to include
three assets, you may need the
front of the envelope as well.
Beyond three assets, a computer
would come in handy.

The Objective Function
Suppose we wish to identify the

10 combinations of stocks and bonds

. . . About Optimization

that produce the lowest levels of
risk for varying amounts of ex-
pected return. To begin, we must
define a portfolio’s expected re-
turn and risk.

The expected return of a portfo-
lio comprised of just stocks and
bonds is simply the weighted av-
erage of the assets’ expected re-
turns, as shown below:

Eq. 1
Rp = (Rs * Ws) + (Rg * Wp)
where

R, = the portfolio’s expected
return;

Ry = the expected return of
stocks;

Ry = the expected return of
bonds;

Wy = the percentage of the
portfolio allocated to
stocks; and

Wy = the percentage allocated
to bonds.

Portfolio risk is a little trickier. It
is defined as volatility, and it is
measured by the standard devia-
tion or variance (the standard de-
viation squared) around the port-
folio’s expected return.’ To
compute a portfolio’s variance,
we must consider not only the
variance of the component assets’
returns, but also the extent to
which the assets’ returns co-vary.
The variance of a portfolio of
stocks and bonds is computed as
follows:

Eq. 2

V= (0'52 * Wsz) + (0'32 : WBZ)
+ ZCOI'(O'S . WS)((TB * WB)

where
V = the portfolio variance;

o = the standard deviation
of stocks;

og = the standard deviation
of bonds; and

cor = the correlation be-
tween stocks and
bonds.

Our objective, as stated earlier, is
to minimize portfolio risk. Our
first constraint is that the weighted
average of the stock and bond re-
turns must equal the expected re-
tum for the portfolio. We are also
faced with a second constraint. We
must allocate our entire portfolio to
some combination of stocks and
bonds. We would not want to leave
part of it uninvested. Therefore, the
fraction we allocate to stocks plus the
fraction we allocate to bonds must
equal 1.

We can combine our objective
and constraints to form the fol-
lowing objective function:

Eq. 3

¢ =[(os + W) + (o8® - Wy?)
+ 2 cor (og * Ws)(og - Wg)]

+[A1(Rs * Ws + Rg * W5 — Rp)]
+ [A(Ws + Wg — 1)]

The first two lines of Equation (3)
simply equal portfolio variance,
the quantity to be minimized. The
third line represents the first con-
straint, which ensures that the
weighted average of the stock and
bond returns equals the portfo-
lio’s expected return. The Greek
letter lambda (A) is called a La-
grange multiplier. It is a variable
introduced to facilitate optimiza-
tion when we face constraints,
and it does not always lend itself
to economic interpretation. The
fourth line represents the second
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constraint, which guarantees that
the portfolio is fully invested.
Again, lambda serves to facilitate a
solution.

A Digression on Calculus
You may recall from elementary
calculus that a function reaches its
minimum or maximum value
when its first derivative, or slope,
equals 0. The first derivative mea-
sures the amount by which the
value of the function changes
given a one-unit change in the
variable upon which it depends.
Consider the following quadratic
function:

y=x"—4x+ 10

If we set its derivative, 2x — 4,
equal to zero and solve for x, we
find that this function reaches its
minimum value when x equals 2.
Figure A confirms this.

As Figure A shows, a function
reaches its extreme value when it
flattens out or has no slope,
which is to say when its first de-
rivative equals zero. With this in-
sight, let us return to our objec-
tive function.

Unlike the quadratic function de-
scribed above, which has a single
unknown value, our objective
function has four unknown val-
ues—the percentage of the port-
folio to be allocated to stocks, the
percentage to be allocated to
bonds, the Lagrange multiplier
for the first constraint and the
Lagrange multiplier for the sec-
ond constraint. To minimize port-
folio risk given our constraints,
we must take the partial deriva-
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tive of the objective function with
respect to each asset weight and
with respect to each Lagrange
multiplier and set it equal to zero,
as shown below:

Eq. 4

dp/dWs = 2(os* + Ws)

+ 2 cor(og * og = Wg)

+/\1'R5+A2=0,
Eq. 5

8(15/8\)(/3 = 2(0'132 M WB)

+2C0r(0'5 * WS * O'B)

+A1' RB+A2=0,

Eq. 6

dp/dA, = (Rs * Ws)
+ (Rg * Wg) —Rp =0,

Eq. 7

Given assumptions for expected
return, standard deviation and
correlation (which we will iden-
tify later), we wish to find the
values of Wy and Wy associated
with different values of R, the
portfolio’s expected return. The
values for A; and A, are merely
mathematical byproducts of the
solution.

One approach for solving a sys-
tem of linear equations is by ma-
trix inversion. Again, let us di-
gress for 2 moment and focus on
a simpler example of matrix in-
version.?

A Digression on Matrix
Algebra

In simple algebra, we would
solve an expression such asy =
bx by dividing y by b. In matrix
algebra, however, we cannot di-
vide. The analogous operation is
called matrix inversion.

Suppose we have the following
system of linear equations:

6x; + 3%, + x5 = 22
X1 + 4X2 - 2X3 =12

4X1—X2+5X3=10

We can represent this system of
linear equations with a coefficient
matrix, a vector for the variables
and a vector for the constants, as
follows:

6 3 1 X1 22
1 42| -|x|=]1
4-1 5 Xs 10

In order to solve for x;, x, and X,
we must find the inverse of the
coefficient matrix and multiply it
by the vector of constants. The
in\;erse of the coefficient matrix
1S:

18/52 —16/52 —10/52
-13/52  26/52 13/52
-17/52 18/52 21/52

We multiply this inverse by the
vector of constants to yield a vec-
tor with the values for x;, X, and
X3, as follows

X1
Xz =
X3
18/52 —16/52 —10/52]
—-13/52 26/52 13/52
-17/52  18/52  21/52 |
22 2]
12|=1]3
10 1

Now let us return to our system of
linear equations and rewrite it in
matrix notation.

2. o4 2cor (o * o) Rs 1
2cor(og * o) 2.0 Ryl
Rs Rp 00
1 1 00

W 0

Wy 0

AT Re

Ay 1

We must next estimate the inputs
for expected return, standard de-
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TableI Capital Market Assump-
tions

Expected Standard
Return Deviation Correlation

Stocks
Bonds

12% 20%

8% 10% 50%

viation and correlation. Suppose
that, after careful examination of
historical data and thorough anal-
ysis of current economic and cap-
ital market conditions, we arrive
at the assumptions shown in Ta-
ble L.

With these assumptions, we can
rewrite the coefficient matrix as
follows:

0.08
0.02
0.12
1.00

0.02
0.02
0.08
1.00

0.12
0.08
0.00
0.00

1.00
1.00
0.00
0.00

Its inverse equals:

0 0 25 =2

0 0 =25 3
25 =25 =375 3
=2 3 3 -026

Because the constant vector in-
cludes a variable for the portfo-
lio’s expected return, we obtain a
vector of formulas, rather than
values, when we multiply the in-
verse matrix by the vector of con-
stants, as shown below.

WS 25 ’Rp_z
Wl | —25 -“Rp+3
M|l T -375 - R+ 3
Ay 3 - Rp—026

We are interested only in the first
two formulas. The first formula
yields the percentage to be in-
vested in stocks in order to min-
imize risk when we substitute a
value for the portfolio’s expected
return. The second formula yields
the percentage to be invested in
bonds. Table II shows the alloca-
tions to stocks and bonds that

12 minimize risk for portfolio ex-

TableII Optimal Portfolios

Expected Standard
Return  Deviation Stock % Bond %

8.00% 10.00% 0 100
9.00% 10.90% 25 75
10.00% 13.23% 50 50
11.00% 16.39% 75 25
12.00% 20.00% 100 0
13.00% 23.85% 125 -25

pected returns ranging from 8%
to 13%.

From Table II we see that we
must sell bonds short and lever
our exposure to stocks in order
to achieve a portfolio expected
return that is greater than the
higher of the expected return on
stocks or bonds.

An Alternative Approach

In 1987, William Sharpe pub-
lished an algorithm for portfolio
optimization that has the dual vir-
tues of accommodating many real-
world complexities while appeal-
ing to our intuition.”> Consider the
following objective function to be
maximized.

Eq. 8
¢=R—2A-V
where
R = portfolio expected re-
turn;
A = a risk-aversion coeffi-
cient; and
V = portfolio variance.

The risk-aversion coefficient mea-
sures our willingness to sacrifice
one unit of expected return in
order to reduce risk (variance) by
one unit. By maximizing this ob-
jective function, we maximize ex-
pected return minus a quantity
representing our aversion to risk
times risk (as measured by vari-
ance).

Assume, again, that we have a
portfolio consisting of stocks and
bonds. Substituting the equations
for portfolio expected return and

variance (Equations (1) and (2)),
we can rewrite the objective func-
tion of Equation (8) as follows:

Eq. 9

(Rs * Ws) + (Rg * W)
- AM(os® + WD) + (o5 + W5?)
+ 2C0r(0'5 * Ws * OB’ WB)]

This objective function measures
the utility or satisfaction we de-
rive from a particular combina-
tion of expected return and risk,
given our attitude toward risk. Its
partial derivative with respect to
each asset weight is:

Eq. 10

6¢/6Ws = RS - A[Z(O'SZ ¢ Ws)

+2C0r(0'5 . WB * UB)],

Eq. 11

ad)/OWB = RB - /\[Z(O'BZ M WB)

+ ZCOI‘(O'S * WS . O'B)]
The equation for each asset mea-
sures how much we can increase
or decrease our utility, starting
from our current asset mix, by
increasing our exposure to that
asset. A negative partial derivative
indicates that we can improve
utility by reducing exposure to
that asset, while a positive partial
derivative indicates that we
should raise the exposure to that
asset in order to improve our
utility.

Let us retain our earlier assump-
tions about the expected returns
and standard deviations of stocks
and bonds and their correlation.
Further, let us assume that our
portfolio is currently allocated
60% to stocks and 40% to bonds
and that our aversion toward risk
equals 2. A risk-aversion coeffi-
cient of 2 means that we are will-
ing to reduce expected return by
two units in order to lower vari-
ance by one unit.
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If we substitute these values into
the partial derivative equations,
we find that we can improve our
utility by 0.008 units if we in-
crease our exposure to stocks by
1%, and that we can improve our
utility by 0.04 units if we increase
our exposure to bonds by 1%.
Both derivatives are positive.
However, we can only allocate
100% of the portfolio. We should
therefore increase our exposure
to the asset class with the higher
derivative by 1% and reduce by
the same amount our exposure to
the asset class with the lower
derivativé. In this way, we will
ensure that we are always 100%
invested.

Having switched our allocations
in line with the relative magni-
tudes of the derivatives, we re-
compute the partial derivatives
given our new allocation of 59%
stocks and 41% bonds. Again,
bonds have a higher derivative
than stocks; hence we shift again
from stocks to bonds. If we pro-
ceed in this fashion, we will find
that when our portfolio is allo-
cated 1/3 to stocks and 2/3 to
bonds, the derivatives are exactly
equal to each other. At this point,
we cannot improve our utility any
further by changing the allocation
between stocks and bonds. We
have maximized our obijective
function.

By varying the values we assign A,
we can identify mixes of stocks
and bonds for many levels of
risk-aversion, thus enabling us to
construct the entire efficient fron-
tier of stocks and bonds.

By now you are probably won-
dering why you should bother
with fancy computer programs to
optimize portfolios, since you can
optimize them on the back of an
envelope. We have purposely
deak with only two assets. As we
increase the number of assets un-
der consideration, we increase by
a faster rate the number of vari-
ables to be included in our objec-
tive function. The sum of the
number of expected returns, stan-
dard deviations and correlations
to be included equals (n® + n)/2,

where n equals the number of
assets we wish to consider. More-
over, our examples are abstrac-
tions of real-world optimization
problems. In the real world, we
may be faced with short-selling
constraints and other allocation
constraints, as well as with trans-
action costs. Although it is cer-
tainly useful to understand the
intuition and mathematical tech-
niques that underlie optimiza-
tion, most practical applications
require sophisticated computer
programs.

Error Maximization
There is a dark side to optimiza-
tion, which we must not ignore.
Cynics refer to it as “error maxi-
mization.” In search of assets that
increase a portfolio’s expected re-
turn and lower its risk, optimiza-
tion, by its vary nature, favors
assets for which expected return
is overestimated and risk under-
estimated.

Consider, for example, two assets,
both of which have true mean
returns of 10%. We do not know
the true mean returns, however.
We must estimate them, and in so
doing we are vulnerable to er-
rors. Suppose we estimate one
asset to have a mean return of 8%
and the other to have a mean
return of 12%. If they both con-
tribute the same degree of risk to
the portfolio, the optimizer will
favor the asset with the 12% re-
turn estimate.

This problem pertains as well to
errors in our risk estimates.
Moreover, the problem is exacer-
bated as we increase the number
assets. The errors do not cancel
each other out. Rather, they accu-
mulate.

This bias leads to two problems.
First, the expected return of the
optimized portfolio is overstated.
while its risk is understated. We
can redress this problem to some
extent by reducing our portfolio’s
estimated expected return or by
augmenting its estimated risk to
account for estimation error.

There is a more perniciou§ con-
sequence of error maximization,
though. Not only do we misesti-
mate the portfolio’s expected re-
turn and risk, we do so for the
wrong portfolio. Essentally. we
have excluded or underweighted
assets for which we have under-
estimated return and overesti-
mated risk, substituting for them
assets for which we have erred in
the opposite direction.

A common palliative for error
maximization is to force the esti-
mates to converge to their cross-
sectional mean. We simply blend
this mean with each individual
estimate. For example, we might
construct a new estimate for an
asset’s expected return by weight-
ing the mean of all the expected
return estimates by 1/3 and the
original estimate for that particu-
lar asset by 2/3. This approach is
limited, however, because it as-
sumes that all our estimates are
equally susceptible to error.

As an alternative, we might trv to
scale our estimates based on
whatever information we can
gather about their reliability. If
we derive our estimates by ex-
trapolating historical data. for ex-
ample. we might wish to scale
them as a function of the number
of observations we used. At the
very least, we should be sensitive
to error maximization as we in-
terpret our optimization results.

Footnotes

1. For a more detailed discussion of
risk, see M. Kritzman. “What Practi-
tioners Need to Knou About Uncer-
tainty,” Financial Analvsts Journal
March/April 1991.

2. The notion of covariance is dis-
cussed in M. Kritzman. “What Practi-
tioners Need to Knou: About the No-
bel Prize.” Financial Analvsts Journal
January/February 1991.

3. The inverse of a matrix is analogous

to a reciprocal in simple algebra. If
we mudtiply a matrix by its inverse.
we get an identity matrix. An iden-
tity matrix includes ones along its
diagonal and zeros for all the other
elements. It is analogous to the num-
ber one in simple algebra, in that a
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