CAPITAL MARKET THEORY

Objectives 

Under capital market theory we examine three models that specify the behaviour of asset returns and the relation between the assets' risks and returns. These are:

1. The Capital Market Line (CML)
2. The Capital Asset Pricing Model (CAPM) 

3.The Market Model (The Single Index Model or the Security Characteristic Line)

At the end of this module, students should be able to clearly interpret each model, specifying the assumptions underlying each model, what each model represents about the behaviour of asset returns and in what circumstances each model is applicable. Students should also be aware of the uses to which each model can be put and the strengths and weaknesses of each model. 

Relevant reading:

BKM - Chapter  8, 9, 10

Readings from the Articles Folder in Blackboard:


1.
Regression Analysis.doc


2. 
How to do regression analysis using EXCEL.pdf




The sequence of topics examined 

1.
The Capital Market Line

2.
Portfolio diversification and the concept of beta risk

3.
The Capital Asset Pricing Model and its derivation

4.
Index Models and the calculation of ex-post betas

5.
The estimation of ex-ante betas


The Capital Market Line (CML)

The Capital Market Line model is derived from Markowitz Portfolio Theory.

The CML gives the relation between the returns and risks of efficient portfolios and so, is a model that can be used to price efficient portfolios.

Derivation of the CML

Recall our framework for optimal portfolio selection in a universe of risky assets and the risk free asset, Rf that we derived in the previous lecture.
We show the tangency line between the risk free asset and the efficient frontier, RfZ and also the utility indifference curves of the investor.
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* The investor can attain portfolios with higher utility than Q (such as S) or any other portfolio on the efficient frontier, by selecting a portfolio on the line RfZ. 

* Portfolios on RfZ have higher utility than Q, because RfZ is a tangent to the efficient frontier and hence every point on RfZ is more to the north- west than any other point on the efficient frontier.because RfT is a tangent to the efficient set and hence more to the North West..

* Portfolios on RfZ can be achieved by forming a linear combination between Rf and the (risky) tangent portfolio T. Linear combinations result because Rf is a risk free asset.

* The portfolio of risky assets our investor will now wish to hold is T rather than portfolio Q. 

* Portfolios between the points Rf and T represent positive weights invested in the risk free asset (lending) and in T while points from T to S represent negative weights on the risk free asset (borrowing) and over 100% weight on the tangent portfolio.

2. Assume that all investors have homogeneous expectations

* Every investor sees the same efficient frontier and so, every investor will invest in T. Then T becomes M, the portfolio of all risky assets. This is called the market portfolio.

* We now have the result that every investor will invest part of their wealth in the market portfolio and the balance in Rf in order to reach their optimal portfolio on the RfT line. 

* Since every investor holds a portfolio on the line RfT the equation of this line will specify the relation between returns and risks of efficient portfolios.

3. The equation of the CML

Suppose an investor invests a fraction of his portfolio x in Rf and the balance 1-x in M. 

The expected return on the resulting portfolio S is



Rp = x Rf + (1-x) Rm 

The variance of the portfolio is
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where rm and (m are the expected return and the std. deviation of the market portfolio and rp and (p the expected return and the std. deviation of the portfolio S.

The standard deviation is
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Substituting for x, the equation to the CML is obtained




[image: image4.wmf]E

r

R

E

r

R

p

f

m

f

m

p

(

)

(

(

)

)

=

+

-

s

s


The equation to the CML gives the relation between risk and expected returns for efficient portfolios.

The intercept of the line on the vertical axis is Rf

The slope of the line is 
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,  and referred to as the market's reward to variability ratio.

Example 

Given that the risk free rate is 5% and the market portfolio has a standard deviation of 10% and an expected return of 8%, determine the expected return if you invest 40% of your funds in the market portfolio and the balance in the risk free asset. What is the risk of your investment?

A summary of the assumptions under which Capital Market Line is built

(a)  Investors are rational (risk averse) and therefore investors are diversified 
portfolio holders


which implies that


All investors invest at some point on the efficient portfolio frontier of 
risky assets.

(b)  All investors have homogeneous expectations.


This means that all investors face the identical efficient frontier from 
which 
to make their portfolio selections.

(c)  Investors can lend or borrow at the same risk free rate.

(d)  There are no transaction costs or taxes when trading in securities, so no 
market friction.

(e)  Capital markets are in equilibrium. 


This means all assets are priced correctly according to their risk levels.


The Nature of Asset Risk When Investors Hold a Diversified Portfolio
When an investor holds a diversified portfolio of assets (ie. such a portfolio would be similar in its composition to the market portfolio), the risk he bears is measured by the variance of the market portfolio, VAR(Rm). 

The variance of the market can be mathematically proved to be the weighted average of individual assets’ covariances with the market portfolio. 

ie. we can prove that 
VAR (Rm)  = 
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(1)

This is an important result. This means that the risk of an individual asset can be regarded as the asset's covariance with the market portfolio.

Proof of equation (1):

Consider the variance of the market portfolio of n assets

VAR (Rm)  =   
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we show that   
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  =  Cov (Ri,Rm)

Consider the R.H.S. of the equation 

by definition, 

Cov (Ri,Rm) = E[(Ri-(i)(
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where 
(i = the expected return of asset i



= E[(Ri-(i)(
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= E[
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= 
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VAR (Rm)  = 
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The variance of the market portfolio is equal to the weighted average of the covariance of each asset with the market portfolio. 

The Nature of Risk When an Investor Holds a Diversified Portfolio - a Graphical view


Portfolio variance = asset variance terms + covariance terms   
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Portfolio variance keeps declining as more and more assets chosen at random are included in a portfolio because the asset variance terms average out.
In large portfolios the remaining risk is mostly covariance risk. This is called systematic risk or market related risk. Market risk is not further diversifiable.

THE CONCEPT OF BETA RISK OF AN ASSET
The measure of systematic risk of an asset is its beta ((). Beta of an individual stock or portfolio is a standardised measure of its covariance with the market portfolio.    
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where Ri is the return on some asset or portfolio and Rm is the return on the market portfolio.


The Capital Asset Pricing Model (CAPM)

The CAPM specifies that the expected return of an asset, E(Ri) is linearly related to its risk when risk is measured in terms of the asset’s beta, βi.
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(Note: the derivation of the CAPM formula is given in the appendix)
The CAPM or the Security Market Line

The graphical representation of the CAPM is called the Security Market Line (SML)
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The SML gives the relationship or trade-off, between the required return of any asset or security i, E(Ri), and its beta risk (i, as shown by the equation above:

This equation implies that,

(i) Expected returns of securities are a positive linear function of their (s.

(ii) Security (s suffice to describe the cross section of expected returns of securities.

(iii) Slope of the SML measures the expected market risk premium E(Rm) - Rf

(iv) The intercept of the SML is the risk free rate.

(v) The market portfolio has a beta of 1.
The SML can be used to find a security’s required rate of return, given its beta value.

Example

If GoGo Ltd. stock is known to have a bets of 1.5, find its required rate of return given that the risk free rate is 7% and the expected market risk premium is 8.5%.



E(Ri)
= Rf + (i (Rm - Rf)



Rm-Rf  = 8.5%  ,
Rf   = 7%



E(Ri)
= 7 + 1.5 (8.5)
= 19.75 %

Some Applications of the Security Market Line

1.
To determine the market price of risk, E(Rm) - Rf
(i) Regress the expected returns of a sample of stocks on their betas. 
(ii) The regression line is the SML. 
(iii) The slope of the SML gives the market price of risk.
2.
To identify over or under-priced securities.

(i) Estimate the SML.


(ii) Read the required return of the stock from the SML


(iii) Estimate the expected return of the stock from a stock valuation model. 


(iv) Compare the required return of a stock with the expected return of the 


stock. 

If the required return  > expected return  →   Stock is overpriced
If the required return  < expected return  →   Stock is underpriced

3.
To measure the performance of portfolio managers

(i) Construct the ex-post version of the SML
(ii) Plot the realized return and beta of the portfolio on the graph.

(iii) Identify whether the portfolio plots above or below the SML.

If the realised return plots above the SML  →   Portfolio has overperformed

If the realised return plots below the SML  →   Portfolio has underperformed



Is the CAPM valid? Controversies surrounding the CAPM

For all the theoretical elegance and the universal applicability of the CAPM, it cannot be directly applied to the real world nor can its validity be tested. 

Some problems are:

(i) Roll's critique (1977)

The market portfolio defined by the CAPM is not identifiable nor measurable.

Therefore true asset betas cannot be calculated.
(ii) Multi-factor models and the Arbitrage Pricing Theory (APT)


Better alternatives to the CAPM ?

(iii) Fama and French "The cross section of expected stock returns" ( J. of Finance 1992)
Evaluate the cross sectional variation of US stock returns in terms of market (s, firm size, book to market value ratio, Earnings to Price ratio and leverage during the period 1962-1989.

Their results showed that
*
The market (s do not explain the cross sectional variation of returns. 

*
Other variables such as book to market value of stocks and firm size do a better job.

Some research papers have come to the defence of CAPM:

Roll and Ross (1993) "On the cross sectional relation between expected returns and beta", 
Chan and Lakonishok (1992) "Are the Reports of (s death premature?", 
Black (1993) "Beta and Returns" 



THE single index model, the MARKET MODEL (Security Characteristic Line) and THE MEASUREMENT OF BETAS

Index or Factor Models

The single index model assumes that a security's returns over time, Rit are generated by a common index or common factor F. Such a model is called a single index ‘return generating model’.
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In this model, 

bi represents the asset return's sensitivity to the factor F and 
ei represents the asset return component that is unrelated to the factor. ei is therefore the firm specific or idiosyncratic factor

The Market Model

The market model is a particular index model where the common factor or index is identified as the stock market index return Rm. 

In statistical terms, the market model corresponds to a time series linear regression model, in which the returns of the asset Ri is specified as the dependent variable and shown on the y- axis, and the market index returns Rm (usually proxied by the ASX 500 all ordinaries accumulation index) is the explanatory variable, and is shown on the x-axis.

The market model is also called the ‘Security Characteristic Line’ because it reveals the 'characteristics' of the returns of the firm in relation to the overall stock market index returns.

The unexplained part of the asset's returns is called the firm specific factor. This corresponds to the residual term in the regression model ei.
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Properties of the Single Index or Market Model 
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ai
=  The intercept term. The average return on firm i when the market return is 

zero

 (i 
=  The slope of the regression line. A measure of the firm’s systematic risk 

or its beta

.
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eit 
=  The regression error term representing the unsystematic risk of asset i. 

The assumptions regarding eit are


E (ei )  =  0


Cov (ei  , Rm )  =  0


Cov (ei  , ej )  =  0

The market model regression using excess returns

The regression model can alternatively be constructed with excess returns. That is, with the returns of the asset i less the risk free rate on the y axis and the returns of the market index less the risk free rate on the x axis.
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1. 
The intercept ( will now reflect the abnormal return of asset i.

2. 
If the risk free rate is constant over the sample period, the ( will be identical to the beta derived from the previously examined market model with raw returns.

A practical problem in the estimation of betas - the non-synchronous trading problem:

When a stock trades infrequently, its covariance or correlation with the market index tends to be lower than its actual value. Therefore, betas estimated by the OLS regression model are underestimated, especially in the case of smaller, neglected stocks. 

An Application of the Market Model - Partitioning Risk

The Security Characteristic Line can be used to partition the risk of the asset to the firm specific (diversifiable) component and the systematic risk component.

Rit
=
ai  +  (i  Rmt  +  eit 

Take variances of both sides of the equation
Var( Rit )
=
Var( ai  +  (i  Rmt  +  eit  )




=
Var( (i  Rmt )   +  Var( eit  )




=
(i2  Var(Rmt )   +  Var( eit  )





Systematic risk   +  Unsystematic risk

Proportion of Systematic risk
=  Systematic risk /  Total risk






= (i2  Var(Rmt ) / Var( Rit )  






=  Regression  R2






= Correlation coefficient squared ((2)

Classifying an asset’s risk based on its beta value - aggressive vs. defensive assets


If  ( > 1 , the asset is an aggressive asset

For a given change in the market return, the asset’s return changes by a bigger proportion. Less risk averse investors will prefer aggressive assets.


If  ( < 1 , the asset is a defensive asset

For a given change in the market return, the asset return changes by a smaller amount Very risk averse investors will select defensive assets. 

the characteristics of the firm and their relation to the firm’s Beta value

What are the characteristics of a firm that determine the firm's beta value?

1.  The nature of the firm's line of business - the industry factor

2.  The capital structure of the firm – higher leveraged firms have high betas.
3.  The operating leverage of the firm 

Predicting the future beta based on the historical beta calculation

The beta value of a security estimated from the market model is its historical beta because it is based on historical information. Investors are more interested in ex-ante beta. The future beta may differ from the historical beta due to a many factors.

Some factors to consider:

1. The sampling variation in beta values

2. Changes in company fundamentals


changes in the nature of the business


capital structure changes

3  Regression of beta values towards one

Calculating the beta of a Portfolio from the betas of individual assets 

The beta of a portfolio can be calculated if the betas of the individual asset and their relative market values are known. The portfolio beta is a weighted average of the asset betas, the weights being the proportion of the market values of the assets.

(​p =  w1 (​1  + w2 (​2  +……….+  wn (​n
Example

Compute the beta of a portfolio made up of stocks A and B whose market values  are $ 600 and $ 400 and whose individual betas are 1.2 and 1.4

(​p =  1.2 ( .6 ) + 1.4 ( .4 )  




Appendix 

Deriving the CAPM equation 

To derive the CAPM we begin with the CML which is shown as follows:
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Consider a portfolio consisting of a% invested in a risky asset I and the rest in the market portfolio M.

The portfolio expected return and its standard deviation is given by
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and
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Rate of change of the portfolio return with respect to 'a'
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Rate of change of the std. dev. with respect to 'a'
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But in equilibrium, the market portfolio already contains all risky assets in the proportion of their market values. Hence the proportion 'a' invested in asset I must be an excess demand for that asset and in equilibrium must equal zero. 

Evaluate equations when a=0
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The slope at point M 
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The slope at point M is also equal to
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Equating slopes gives
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and rearranging gives
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where 
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This is the CAPM.

Returns of the stock market index





Returns of the firm





Security characteristic line (SCL)
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