PORTFOLIO THEORY

Objectives

This module introduces Modern Portfolio Theory, one of the most important areas in the Finance discipline. We commence with the simple case of calculating the risk and return of a two-asset portfolio. We then demonstrate the concept of risk diversification when investing in a portfolio of assets. Next we discuss the theory and the method of forming the efficient portfolio frontier and calculating the minimum variance portfolio. We extend the discussion to the multi-asset situation and learn how to make use of matrix algebra to simplify our calculations. We analyse how investors can maximise utility by forming optimal portfolios. To enrich the learning process we utilise actual market data to demonstrate our results within an excel spreadsheet framework.


PORTFOLIO THEORY

1. Calculating portfolio returns and portfolio variance

2. Calculating the covariance and correlation coefficient between two assets.

3. Risk diversification in portfolio formation

4. Tracing out the portfolio frontier and calculating the minimum variance 
portfolio

5. Optimal portfolio selection 


When there are only risky assets 


When there are risky assets and a riskless asset

Calculating the tangent portfolio weights

Relevant reading:

1.
BKM
Chapters 6, 7 and 8 


Appendix A (quantitative review) section A

Please download the following from the Blackboard ‘Article Folder’

2.          "Optimisation.pdf"

3.
“Efficient Portfolios using ‘Solver’”
4.
“Introductory Note on Matrix Algebra”

Further References:
1. Elton and Gruber - Modern Portfolio Theory and Investment Analysis  4th Ed. Chapter 4

2.
http://www.efficientfrontier.com
RETURNS AND RISK CALCULATIONS WHEN ASSETS ARE FORMED INTO PORTFOLIOS

Calculating the rate of return of a portfolio of assets
We shall use the ex-post context for our calculations. Assume we formed a portfolio consisting of 2 stocks. The return of the portfolio, (rp) is the weighted average of the returns of the individual stocks, the weights being the proportions of their initially invested market values.



rp     = 
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where wi is the market value weight of asset i and ri is its return.

Example

Calculate the return of the portfolio consisting of H and D stocks, given the market values of the individual stocks and at the time of investing and the returns of the individual stocks.




Investment(Rs)
Portfolio weight 
Stock return

H


1000


.25


.02

D


3000


.75


.03




4000


1.0

Return of the portfolio
=
.25(.02) + .75(.03) =
 2.75%

When the ex-ante context is assumed, the formula is slightly modified. The expected return of the portfolio E(rp) is given by



E(rp)     = 

[image: image2.wmf]å

=

2

1

i

i

i

)

r

(

E

.

w


where E(ri) is the expected return of the stock.


Calculating the risk of a portfolio (measured by standard deviation or variance)

The variance of a portfolio is a function of not only the variances of the individual assets within the portfolio but also of the covariances of returns among the assets.

We need to learn how to calculate the covariance between two assets first.

The covariance of returns between two assets 
The covariance is the expected value of the product of the deviations of the returns of two assets from their respective mean values.

In the ex-post context, the formula is:
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where n is the number of periods in the sample, RA,t is the return of asset A in period t and 
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 is the mean return for asset A.

The corresponding formula for the covariance between the returns of assets A and B in the ex-ante context is 
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where i, j are two assets,  t=1,.....,n  are the range of possible states and Pt is the probability of state t occurring.

Example

The conditional returns of stock I and J are forecast as follows. Calculate the covariance of their returns.

State of world
Prob. of state


Conditional return








stock I

stock J

1



.2


-.18

-.04

2



.25


.16

-.02

3



.3


.12

.21

4



.25


.40

.20

E (RI) = .14

E (RJ) = .10

Cov (I,J)
=  (-.18-.14)(-.04-.10)(.2)+(.16-.14)(-.02-.10).25+ ........



= .0142

The Correlation Coefficient between two assets

Correlation - a standardized measure of covariance
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Example:

If the covariance between assets I and J is .0142 and their standard deviations are .193 and .116 respectively, calculate the correlation coefficient.
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The value of the correlation coefficient is within the bounds of +1 and -1.


1 > ( > -1 

If  ( = 1, the returns are perfectly positively correlated

If  ( = -1, the returns are perfectly negatively correlated

If  ( = 0, the returns are not correlated

Calculating the variance of a portfolio

The variance of a portfolio is the sum of the variances of the individual assets and the sum of all the covariances between the assets, weighted by their market value weights.
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A memory aid to the calculation of the portfolio variance

Represent the terms of the formula for the variance of a 3-asset portfolio by the cells of a matrix




1


2


3

1
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w1w2COV(1,2)
w1w3COV(1,3)

2

w2w1COV(2,1)
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The terms in the diagonal represent the variance terms.

Off diagonal terms represent the covariance terms.

The number of covariance terms  =  n2 - n

The number of unique covariance terms  =  (n2 - n)/2

The portfolio variance is the sum of all the terms 

VAR (p)  =   
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2 w1w3COV(1,3) + 2 w2w3COV(3,2)

Example

Calculate the expected return and variance of a 2 stock portfolio consisting of BHP and CRA, in which 

E(rB) = .6 ,   E(rC) = .5 ,  VAR(B) = .01 ,  VAR(C) = .0025  and 

COV(B,C) = .001

portfolio weights:  B = .2 C = .8   

E(r)

=  .2(.6) + .8(.5)



=   .52

VAR(p)
= .22(.01) + .82(.0025) + 2 (.2)(.8)(.001)



=  .0023

Std.dev 
=  .0482

Portfolio mathematics using matrix algebra

1. Calculating portfolio returns 

If stock A with a return of .05 and stock B with a return of .06 are combined into a portfolio in the proportion .4 and .6 the portfolio return is 
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2. Calculating portfolio variance

If stock A's variance is .05 and B's variance is .6 and the covariance between A and  B is .2, then the portfolio variance is 
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3. Calculating the covariance between two portfolios 

If portfolios X consists of two assets A and B with weights .4 and .6 and portfolio Y consists of the same two assets with weights .5 and .5, then the covariance between the two portfolios X and Y is 
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RISK DIVERSIFICATION IN PORTFOLIOS
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E(rB) = .6 
E(rC) = .5  
(B = .1
(C = .05 
  WB = .2 WC = .8

E(rp)
= .52

(p
= .0482

Portfolio std.deviation is less than the (weighted) average of the std. deviations of the assets (which is .1(.2)+.05(.8)= .06). This is risk diversification.

The extent of portfolio risk diversification depends on the correlation among the individual asset returns

Is risk diversified if ( = 1 ?

COV(B,C) 
= 1(.1).05)
= .005

Portfolio variance
VAR(p)
=  .22(.01) + .82(.0025) + 2 (.2)(.8)(.005)






=  .0036




(p

=  .06  (risk is not diversified)

If ( = -1 

COV(B,C) 
= -1(.1).05)
= -.005

Portfolio variance
VAR(p)
=  .22(.01) + .82(.0025) + 2 (.2)(.8)(-.005)






=  .0004




(p

=  .02  (risk is most diversified)

Forming Efficient Portfolios
(the allocation of asset weights in forming efficient portfolios)
Consider forming a two asset portfolio P from assets B and C with weights P(x,y)
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BC
=  the locus of all possible portfolio combinations

MV
= the minimum variance portfolio

Portfolios in MVB dominate portfolios in MVC.

MVB
= the efficient set of portfolio combinations. An effcient portfolio is a portfolio that gives the maximum return for a given level of risk (standard deviation). 

The portfolio opportunity sets given some alternative correlation coefficients between two assets


If  ( = 1





If   ( = -1
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If  ( = .5 (for example)
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The portfolio opportunity set when short sales are allowed
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Tracing out the portfolio frontier

Suppose the investor has the choice of investing in a universe of two risky assets A and B. Suppose he wants to compute the portfolio return for a desired risk level or alternatively, the portfolio risk for a desired portfolio return and the weights of the portfolio that will give the desired return or risk.

Given that 
wA   +  wB  = 1

Portfolio return is 
E(Rp)     = 
wA RA  + (1- wA) RB


(1)

Portfolio variance is



(2p  =   
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(2)

From equation (1) above 
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Substituting for WA in equation (2), we get an equation that relates the portfolio return to its variance
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Calculating the weights of the minimum variance portfolio

Suppose the investor is interested in forming a two-asset portfolio that will provide the minimum risk (standard deviation). How does he determine the appropriate amount to invest in A and B (the portfolio weights)? 
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E(Rp)     = 
wA RA  + wB RB

(2p  =   
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wA   +  wB  = 1


(2p  =   
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minimize the portfolio variance  with respect to the portfolio weight, WA
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Forming Efficient Portfolios with Many Risky Assets
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*  Risky assets are denoted by points in the expected return - std.deviation space

*  The feasible portfolio combinations (called the opportunity set) now cover an entire space (shown by the umbrella) and not just a line as in the case of two assets.

*  There is a minimum variance portfolio MV in this space amongst all possible portfolio combination, which gives the lowest std deviation.

*  The efficient set:  portfolio combinations lying along the line MVX give the maximum return for any given level of standard deviation. The efficient set dominate all other portfolios within the feasible set.


OPTIMAL PORTFOLIO SELECTION

The theory of how investors choose the optimal investment portfolio they are most comfortable with. (Markowitz Portfolio Theory)

The assumptions about investor behaviour


Investors are wealth maximisers. This means that the utility form an investment is positively related to wealth. If we denote utility as a function of wealth as U(w), then  



U'(w) > 0


Investors are risk averters. The best way to describe a risk averter is as one who would reject a fair gamble.

Example

You are offered a gamble which costs $1 to enter and which has outcomes of $2 or $0 with equal probability. The expected value of the gamble is 2(.5)+0(.5) = $1. This is called a fair gamble or a fair game. A risk neutral person would accept this gamble but a risk averter would reject the gamble.


The utility function of a risk averter while being upward sloping would also be concave. 



U''(w) < 0
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We can see why a risk averter has a concave utility function from the above example.



U(1) > .5 U(2) + .5 U(0)

by rearranging



U(1) - U(0) >  U(2) - U(1) 

This implies a utility that is increasing at a decreasing rate (concave)


The outcomes of investments can be characterised by the means and variances of return distributions as long as the distributions are assumed to be normally distributed. Wealth maximisation and risk aversion implies that the utility function is positively related to the expected return and negatively related to the variance of returns.


Investors utility functions can be characterised by a function such as 




U = E(r) - .005 A 2
where U = utility value, A = an index of risk aversion (more risk averse persons will have larger A), and .005 is a scaling function that allows E(r) and 2 to be expressed as percentages.


Indifference curves

An Indifference curve is a line that represents combinations of risk and returns that have the same utility value at any point. 
Indifference curves are upward sloping or convex to the origin.
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Utility of Indifference curve U2 >  Utility of Indifference curve U1  

Utility of portfolio A = Utility of portfolio B < Utility of portfolio C




How an investor selectS the optimal portfolio from the efficient set


[image: image34]
· Among all the portfolio combinations in the feasible set, investors would only consider portfolios in the efficient frontier MVX.

· To select the optimal portfolio from the choice of portfolios in the efficient frontier MVX the investor superimposes his (her) utility indifference curves on the mean variance map and chooses the portfolio that permits her to reach the highest utility level.

· This optimal portfolio is Q. This is the point of tangency between the efficient frontier and her highest utility indifference curve.

· A second investor may have a different portfolio selection which will be based on his or her own indifference curves.


THE EFFICIENT PORTFOLIO FRONTIER GIVEN THE AVAILABILITY OF A RISK FREE ASSET 
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1. The point of tangency between RfZ and the portfolio frontier is called the 
tangent portfolio, T.

2. The utility of every portfolio on the line RfZ is higher than those of the portfolios on the frontier XY (except for the tangent portfolio, T).

3. The portfolios on RfZ will therefore have a higher utility level than the 
optimal portfolio Q chosen earlier.

4. Investors can now achieve portfolios at any point on the line RfZ by combining the risk free asset Rf with the risky portfolio T. Portfolios formed by combining Rf and T are linear combinations because Rf has a variance of zero and a covariance of zero with T. 

5. To reach portfolios to the right of T on the line RfZ, Rf is short sold (means borrowing at the risk free rate) and the proceeds also invested in T. The portfolio weight in T will then be greater than 1.

6. Every investor will invest some wealth in the tangent risky portfolio, T and the rest (positive or negative amount) in the risk free asset. 




DERIVING THE PORTFOLIO WEIGHTS OF THE TANGENT PORTFOLIO

When there are only two risky assets

The tangent portfolio for a two risky asset situation, where the risky assets are D and E is as follows. The weight in asset D is
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When there are more than two risky assets
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   (p

S  =  any efficient portfolio



T  =  tangent portfolio

Slope of RS (() is given by
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Slope of RT is given when ( is maximized


Max
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Express Rp and (p in terms of the portfolio weights of the n risky assets in the universe,   x1, x2, ....................xn


x1 +  x2 +  ................. + xn           =  1



x1 r1 +  x2 r2 +  ................. + xn rn          =  Rp
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The risk free return can be written 


[image: image41.wmf]R

x

R

f

i

f

i

n

=

=

å

1

          since      
[image: image42.wmf]x

i

i

n

=

å

=

1

1

 
Now, equation 3 can be written


Max
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There are n unknowns in the equation,  x1, x2, ....................xn
To maximize  (, differentiate with respect to  x1, x2, ....................xn  in turn and set each function to zero.
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Result of the differentiation is given by
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n such equations.

( is a known constant

Solve the n equations for  x1, x2, ....................xn  as follows

define 
(  x1   =   z1
then 
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solve for xi by solving for zi

Note:
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The equations in matrix notation 
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R     -     C    =           S   .    Z



(  Z             =    S-1  [ R  -  C  ]

Portfolio weights x1, x2, ....................xn  can now be calculated 

since    
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Exercise

Calculate the E(r)  and the variance of the tangent portfolio in a universe of three risky assets, 1, 2 and 3 with the following returns and std. deviations (in %).  The risk free return is 5%

asset


1

2

3

return


14

08

20

std.dev.

06

03

15

correlation coefficients  
(12  =  .5
 (13  =  .2
 (23  =  .4

The system of equations is, in summary form is  
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i = 1,2,3

and stated in detail…

r1 - Rf   =  z1 (12 +  z2(12 + z3 (13
 r2 - Rf  =  z1 (21 +  z2(22+ z3 (23
 r3 - Rf  =   z1 (31 +  z2(32+ z3 (32
substituting values..

14 - 5     =  36 z1  + (.5)(6)3 z2 + (.2)(6)15 z3 

8  -  5     =   (.5)(6)3  z1  + 9 z2 + (.4)(3)15 z3 

20 - 5     =   (.2)(6)15 z1 +  (.4)(3)15 z2  + 225 z3 

The solution to this system of equations is 

z1  =  14/63
z2  =  1/63
z3  =  3/63
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Using the relationship 
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The weights are   x1  =  14/18
x2  =  1/18
x3  =  3/18

Determining the optimal portfolio S chosen by the investor
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Suppose the investor invests a fraction x in the risk free asset and the balance 1-x in T to achieve some portfolio P which lies along RfZ

The expected return on this portfolio is 


E(Rp)     = 
x Rf  + (1- x) Rt

The variance of this portfolio is


(2p  = 
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and the std. deviation is 


(p  = 
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where rt and (2t are the return and variance of the tangent portfolio T. 

Suppose the investor’s utility functions is given by




U = E(r) - .005 A (2

Substituting for E(r) and (2




U = 
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The optimal portfolio S is found when U is maximised. In other words, the investor will choose x so as to maximise the utility U

To solve for the optimal x, maximise U w.r.t. x. i.e. set dU/dx to zero.
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The optimal investment in the risky portfolio T is then given by



1-x = 
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Portfolio S is achieved by investing this weight in T and the balance in the risk free asset.
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