An Introductory Note on Matrix Algebra

for

Finance (Portfolio Management)

Definition of a Matrix

A matrix is simply an arrangement of numbers. The numbers are arranged in a rectangular array, consisting of rows and columns. 

Each number (or element) in the array will have a row number and a column number.

Note the similarity of this idea to a computer spreadsheet, where each cell has a row and column number.

Examples: 

1. 
A 3 x 3 square matrix denoted as A

A   = 
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2. 
A 2 x 3 matrix denoted as B



B =   
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3. 
A row vector C

C = 
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4. 
A column vector D

D = 
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An element in a matrix is referenced by its row and column number

Example:
a13 in matrix A refers to element in row 1 and column 3  =  3

Matrix Algebra

Matrix algebra is a set of rules to manipulate the arrays of numbers. Matrix algebra is very useful for calculations involving large arrays of numbers, such as in portfolio management problems involving a large number of different stocks.



Matrix Operations – the rules in matrix algebra

1.  Equality of matrices

Matrix A = Matrix B if each element in A equals the corresponding element in matrix B.

2.  Matrix addition and subtraction

Matrices can be added or subtracted only if the matrices have the same dimensions (ie  number of rows are equal and the number of columns are equal.
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3.  Multiplication by a scalar

2
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4.  Matrix multiplication

Matrices can be multiplied only the number of columns in the first matrix equals the number of rows in the second matrix.


  A  
x
  B
=
  C

2 x 3

3 x 4

2 x 4

5. Rule for matrix multiplication
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Example:
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Note 

A x  B # B x A
The Identity matrix
A square matrix whose diagonal elements are all one and the rest are zero

I =  
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Multiplying a matrix with the identity matrix leaves the first matrix unchanged.

A
x
I  
=
A

3x3

3x3

3x3

I  
x 
B  
=
  B

2x2

2x2

2x2

The Inverse of a Matrix

Given a square matrix A, matrix B is A’s inverse if 

A
x
B  
=
I

The Transpose of a matrix 

Given a square matrix A, the transpose of A (denoted A’ or AT) is obtained by writing the columns of A as the rows of  AT  (or vice versa). 


A =
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AT =
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A symmetric matrix

If A =  AT then A is a symmetrix matrix


A =
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=  AT
Portfolio mathematics using matrix algebra

1. Calculating the portfolio return
Let

X = column vector of portfolio weights

R = column vector of asset returns

Portfolio return =  XT R

Example:
If stock A with a return of .05 and stock B with a return of .06 are combined into a portfolio in the proportion .4 and .6 the portfolio return is 
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2. Calculating the portfolio variance

Suppose 

X = column vector of portfolio weights
S =  the variance covariance matrix

Portfolio variance =  XT S X
Example:

If stock A's variance is .05 and stock B's variance is .6 and the covariance between A and  B is .2, then the portfolio variance is 
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3. Calculating the covariance between two portfolios 

Suppose portfolios x and y consist of the same assets a and b but made up in different proportions.

X = column vector of weights in portfolio x

Y = column vector of weights in portfolio y

S =  the variance covariance matrix of a and b
The covariance between portfolios 1 and 2 is =  XT S Y
Example:

If portfolios X consists of two assets A and B with weights .4 and .6 and portfolio Y consists of the same two assets with weights .5 and .5, then the covariance between the two portfolios X and Y is 
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Matrix operations with Excel

Matrix multiplication

Suppose the 2x2 matrix A shown in cells A1:B2 is multiplied by the 2x3 matrix B shown in cells D1:F2
The product matrix is given by the matrix shown in cells A4:C5 with the Excel function

 
= MMULT(A1:B4, D1:F2)
and pressing     [Ctrl]+[Shift]+[Enter]
A
B
C

D
E
F

	1
	2
	
	5
	6
	7

	3
	4
	
	8
	9
	10

	
	
	
	
	
	

	21
	24
	27
	
	
	

	47
	54
	61
	
	
	


The Transpose of a matrix 
Suppose the 2x2 matrix A is given in cells A1:B2. The transpose of A is given by the Excel function
=Transpose(A1:B2)

and pressing    [Ctrl]+[Shift]+[Enter]
The inverse of a matrix 
Suppose the 2x2 matrix A is given in cells A1:B2. The inverse of A is given by the Excel function
=Minverse(A1:B2)

and pressing    [Ctrl]+[Shift]+[Enter]
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