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What Practitioners Need To Know .

Mark Kritzman
Windbam Capital
Management

Financial analysts are concerned
with factors, or common sources
of risk that contribute to changes
in security prices. By identifying
such factors, analysts may be able
to control a portfolio’s risk more
efficiently and perhaps even im-
prove its return.

I will describe in general terms
two approaches often used to
identify factors. The first ap-
proach, called factor analysis, al-
lows analysts to isolate factors by
observing common variations in
the returns of different securities.
These factors are merely statisti-
cal constructs that represent
some underlying source of risk;
that source may or may not be
observable. The second ap-
proach, called cross-sectional re-
gression analysis, requires that
we define a set of security at-
tributes that measure exposure to
an underlying factor and deter-
mine whether or not differences
across security returns corre-
spond to differences in these se-
curity attributes.

Factor Analysis
I begin with a nonfinancial, hope-
fully intuitive, example. I will ap-
ply the insights gained by this
example to show how we might
go about identifying the factors
that underlie the stock market.

Suppose we wish to determine
whether or not there are com-
mon sources of scholastic apti-
tude, based upon the grades of
100 students in the following nine
courses—algebra, biology, calcu-
lus, chemistry, composition,
French, geometry, literature and
physics. We proceed as follows.
First, we compute the correlation

12 between the algebra grades of

. . . About Factor Methods

students 1 through 100 and their
grades in each of the other eight
courses. Then we compute the
correlations between their biol-
ogy grades and their grades in
each of the seven other courses.
We continue until we have com-
puted the correlations between
the grades of every pair of cours-
es—306 correlations in all. Table I
displays these hypothetical corre-
lations.

That all these correlations are
positive suggests the presence of
a pervasive factor, which is prob-
ably related to intelligence or
study habits. In addition to this
pervasive factor, there appear to
be three other factors, or com-
monalities, in performance.

First, the variation in algebra
grades is highly correlated with
the variation in calculus and ge-
ometry grades. Moreover, perfor-
mance in calculus is highly corre-
lated with performance in
geometry. The grades in these
three courses, however, are not
nearly as highly correlated with
the grades in any of the other six
courses. We might thus conclude
that there is a common aptitude
that underlies performance in
these three courses.

Second, performance in biology
is highly correlated with perfor-
mance in chemistry and physics,
and performance in chemistry is
highly correlated with perfor-
mance in physics. Again, perfor-
mance in these courses does not
correspond as closely with per-
formance in any of the other
courses. We might conclude that
there is a common source of ap-
titude associated with biology,
chemistry and physics.

Finally, the grades in composi-
tion, French and literature are all
highly correlated with each other

but not with the grades in any of
the other courses. This leads us to
deduce the presence of a third
factor.

Our next task is to identify these
factors. Here we must rely on our
intuition. We might reasonably
conclude that one of the common
sources of scholastic aptitude is
skill in mathematics or quantita-
tive methods, because we ob-
serve high correlations between
performances in the three math
courses. Aptitude in science ap-
pears to be another common fac-
tor, given the high correlations in
the three science courses. The
remaining source of common
variation in course grades per-
tains to composition, French and
literature; we might label this fac-
tor verbal aptitude.

We do not actually observe the
underlying factors. We merely ob-
serve that a student who performs
well in algebra is more likely to
perform well in geometry and
calculus than in French. From this
observation, we infer that there is
a particular aptitude that helps to
explain performance in algebra,
calculus and geometry but not in
French. This aptitude is the factor.

We should note that these results
do not imply that performance in
a given course is explained by a
single factor. If such were the
case, we would observe only cor-
relations of 1 and 0. This point is
underscored by the fact that the
variation in physics grades is
more highly correlated with per-
formances in algebra, calculus
and geometry than it is with per-
formances in composition,
French and literature. This result
is intuitively pleasing, in that
physics depends more on mathe-
matics than do composition,
French and literature. We might
therefore conclude that perfor-
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Table I Correlations of Student Grades tors to reappraise the prospects

of a company.

Bio. Calc. Chem. Comp. Fre. Geo. Lit. Phy.
Algebra 41 93 52 31 35 88 29 59 Suppose, for example, we identify
Eé?iﬁiglfs 39 22 gg gg 3‘5) gé -28 inflation as a factor. If the Con-
Chemistry ' 37 4 47 40 o1 Sumer Price Index is expected to
Composition 87 28 94 35 rise 0.5% in a given month and it
French 32 89 46 rises precisely by that amount,
Geometry 38 55 then the prices of inflation-
Literature 43 sensitive stocks should not

mance in physics is primarily ex-
plained by aptitude in science,
but that it is also somewhat de-
pendent on math skills.

Now we will substitute stock per-
formance for scholastic perfor-
mance.

Factors in Stock Returns
Suppose we wish to determine
the factors that underlie perfor-
mance in the stock market. We
begin by calculating the daily re-
turns of a representative sample
of stocks during some period. In
this study, the stocks are analo-
gous to courses, the days in the
period are analogous to students,
and the returns are analogous to
grades.

To isolate the factors that under-
lie stock market performance, we
begin by computing the correla-
tions between the daily returns of
each stock and the returns on
every other stock. Then we seek
out groups consisting of stocks
that are highly correlated with
each other but not with the stocks
outside the group.

For example, we might observe
that stock 1's returns are highly
correlated with the returns of
stocks 12, 21, 39, 47, 55, 70 and
92, and that the returns of the
other stocks in this group are all
highly correlated with each other.
From this observation, we might
conclude that the returns of these
stocks are explained at least in
part by a common factor. We pro-
ceed to isolate other groups of
stocks whose returns are highly
correlated with each other, until
we isolate all the groups that

seem to respond to a common
source of risk.

Our next task is to identify the
underlying source of risk for each
group. Suppose that a particular
group consists of utility compa-
nies, financial companies and a
few other companies that come
from miscellaneous industries
but that all have especially high
debt-to-equity ratios. We might
reasonably conclude that interest
rate risk is a common source of
variation in the returns of this
group of stocks. Another group
might be dominated by stocks
whose earnings depend on the
level of energy prices; we might
thus hypothesize that the price of
energy is another source of risk.
Yet another group might include
companies across many different
industries that have in common
the fact that they derive a large
fraction of their earnings from
foreign operations; we might con-
clude that exchange rate risk is
yet another factor.

We must first rely on our intuition
to identify the factor that under-
lies the common variation in re-
turns among the member stocks.
Then we can test our intuition as
follows. We define a variable that
serves as a proxy for the unantic-
ipated change in the factor value.
We regress the returns of stocks
that seem to depend on our hy-
pothesized factor with the unan-
ticipated component of the factor
value. It is important that we iso-
late the unanticipated component
of the factor value, because stock
prices should not respond to an
anticipated change in a factor. It is
new information that cause inves-

change in response. If the CPI
rises 1.5%, however, then the
prices of these stocks should
change in response. In order to
test whether or not a particular
time series represents a factor,
we must therefore model the un-
anticipated component of its
changes.

A reasonable approach for mod-
eling the unanticipated compo-
nent of inflation is to regress in-
flation on its prior values under
the assumption that the market’s
outlook is conditioned by past
experience. The errors, or resid-
uals, from this regression repre-
sent the unanticipated compo-
nent of inflation. We thus regress
these residuals on the returns of
the stocks we believe to be de-
pendent on an inflation factor to
determine if inflation is indeed a
factor.

The approach I have just de-
scribed is heuristic. It is designed
to expose factors by identifying
groups of stocks with common
price variations. Its intuitive ap-
peal is offset by the fact that it
produces factors that explain only
part of the variation in returns.
Moreover, these factors are not
necessarily independent of each
other.

With a more advanced mathemat-
ical technique—called maximum
likelihood factor analysis—we
can identify several linear combi-
nations of securities, comprised
of both long and short positions,
that explain virtually all the cova-
riation in the returns of a sample
of securities. These linear func-
tions are called eigenvectors, and
the sensitivity of a particular secu-
rity to an eigenvector is called an
eigenvalue.
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Instead of groups of highly corre-
lated stocks, this approach vyields
precise linear combinations of
stocks that represent indepen-
dent sources of common varia-
tion in returns. In effect, the
eigenvectors are the factors. Not
only are the factors derived in this
fashion independent of each
other, but we can derive as many
factors as necessary to explain as
much of the covariation in a port-
folio as we would like.

In order to label these factors, we
proceed as described earlier. We
determine whether or not the
returns of these linear combina-
tions of stocks correlate with the
unanticipated changes in the vari-
ables that proxy for the factors.
Within this context, we represent
a security’s return as follows:

Ri=ai+bi1 * F1+b52 * F2
+ ... +bin'Fn+eis

the return of security i,
a; = a constant,

b;; = the sensitivity of security
i to factor 1,
b;, = the sensitivity of security

i to factor 2,
b;, = the sensitivity of security
i to factor n,

F, = the first factor represent-
ing common variation in
security returns,

F, = the second factor repre-

senting common varia-
tion in security returns,
F, = the nth factor represent-
ing common variation in
security returns, and
€; = variation in return that is
specific to the ith secu-

rity.

Issues of Interpretation
Factors derived through factor
analysis, whether we employ the
heuristic approach described ear-
lier or the more formal approach,
are not always amenable to inter-
pretation. It may be that a partic-
ular factor cannot be proxied by a

14 measurable economic or finan-

cial variable. Instead, the factor
may reflect a combination of sev-
eral influences, some perhaps off-
setting, that came together in a
particular way unique to the se-
lected measurement period and
the chosen sample of securities.
In short, factors may not be defin-
able. Moreover, factors derived
through factor analysis may not
persist through time, or factor 1
in one test may be factor 5 in
another test.

We thus face the following trade-
off with factor analysis. Although
we can account for nearly all a
sample’s common variation in re-
turn with independent factors, we
may not be able to assign mean-
ing to these factors, or even know
if they represent the same
sources of risk from period to
period or sample to sample. Be-
low we consider an alternative
procedure called cross-sectional
regression analysis.

Cross-Sectional Regression

Analysis
Whereas factor analysis reveals
covariation in returns and chal-
lenges us to identify the sources
of this covariation, cross-sectional
regression analysis requires us to
specify the sources of return co-
variation and challenges us to af-
firm that these sources do indeed
correspond to differences in re-
turn.

Here is how we proceed. Based
upon our intuition and prior re-
search, we hypothesize attributes
that we believe correspond to
differences in stock returns. For
example, we might believe that
highly leveraged companies per-
form differently from companies
with low debt, or that perfor-
mance varies according to indus-
try affiliation. In either case, we
are defining an attribute—not a
factor. The factor that causes low-
debt companies to perform dif-
ferently from high-debt compa-
nies most likely has something to
do with interest rates. Industry
affiliation, of course, measures
sensitivity to factors that affect in-

dustry performance, such as mil-
itary spending or competition.

Once we specify a set of attributes
that we feel measure sensitivity to
the common sources of risk, we
perform the following regression.
We regress the returns across a
large sample of stocks during a
given period—say a month—on
the attribute values for each of the
stocks as of the beginning of that
month. Then we repeat this re-
gression over many different pe-
riods. If the coefficients of the
attribute values are not zero and
are significant in a sufficiently
high number of the regressions,
we conclude that differences in
return across the stocks relate to
differences in their attribute val-
ues.

According to this approach, a se-
curity’s return in a particular pe-
riod equals:

Ri=a+)t1 * bi1+)‘2 * biZ

+ ... 4 A, by +e,

where
R, = the return of security i,
a = a constant,
A; = the marginal return to
attribute 1,
A, = the marginal return to

attribute 2,
A, = the marginal return to
attribute n,

b;; = attribute 1 of security i,
b,, = attribute 2 of security i,
b,, = attribute n of security i

and

e; = the unexplained compo-
nent of security i's re-
turn.

It is not necessary for the coeffi-
cient A in the above formula to be
significantly positive or negative
on average over all the regres-
sions. The attribute b; is a mea-
sure of sensitivity to some under-
lying factor. Suppose the attribute
is affiliation with industries that
benefit from military spending. If
there is an unexpected increase
in military spending in a particu-
lar period, the coefficient of this
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attribute will be positive. If mili-
tary spending declines, the coeffi-
cient will be negative. The aver-
age value for the coefficient over
many regressions may be zero,
but the attribute would still be
important if the coefficient were
not zero in a large number of the
regressions.

We can measure the extent to
which a coefficient is significant
in a particular regression by its
t-statistic. The t-statistic equals the
value of the coefficient divided by
its standard error. A t-statistic of
1.96 implies that the likelihood of
observing a significant coefficient
by chance is only 5%. In order to
be confident that a particular at-
tribute helps to explain differ-
€nces across security returns, we
should observe a t-statistic for its
coefficient of 1.96 or greater in
more than 5% of the regressions.
Otherwise, it is possible that the
attribute occasionally appears sig-
nificant merely by chance.

Which Approach is Better?

I have described two approaches
for identifying common sources
of variation in stock perfor-
mance—factor analysis and cross-
sectional regression analysis.
There are pros and cons with
both approaches. Through factor
analysis, we can isolate indepen-
dent sources of common varia-
tion in returns that explain nearly
all of a portfolio’s risk. It is not
always possible, however, to at-
tach meaning to these sources of
risk. They may represent acciden-
tal and temporary confluences of
myriad factors. Because we can-
not precisely define these factors,
it is difficult to know whether they
are stable or simply an artifact of
the chosen measurement period
or sample.

As an alternative to factor analysis,
we can define a set of security
attributes we know are observ-
able and readily measurable and,
through cross-sectional regres-
sion analysis, test them to deter-
mine if they help explain differ-
€nces in returns across securities.
With this approach we know the

identity of the attributes, but we
are limited in the amount of re-
turn variation we are able to ex-
plain. Moreover, because the at-
tributes are typically codependent,
it is difficult to understand the
true relationship between each
attribute and the return. Which
approach is more appropriate de-
pends on the importance we at-
tach to the identity of the factors
versus the amount of return vari-
ation we hope to explain with
independent factors.

Why Bother with Factors?
At this point you may question
why we should bother to search
for factors or attributes in the first
place. Why not address risk by
considering the entire covariance
matrix, as orgginally prescribed
by Markowitz?

There are two reasons why we
might prefer to address risk
through a limited number of fac-
tors. A security’s sensitivity to a
common source of risk may be
more stable than its sensitivity to
the returns of all the other secu-
rities in the portfolio. If this is
true, then we can control a port-
folio’s risk more reliably by man-
aging its exposure to these com-
mon SOUrces.

The second reason has to do with
parsimony. If we can limit the
number of sources of risk, we
might find that it is easier to con-
trol risk and to improve return
simply because we are faced with
fewer parameters to estimate.

I have attempted to provide a
flavor for the statistical methodol-
ogy that underlies the search for
common sources of return varia-
tion without prejudice toward
one method or the other. The
choice of a particular approach
should depend on one’s specific
needs, one’s biases, and a thor-
ough understanding of the merits
and limitations of each approach.

Footnotes

1. For a review of this methodology, see
K G. Joreskog, Statistical Estimation
in Factor Analysis (Stockbolm:
Almaquist & Wiksell, 1963).

2. For a discussion of eigenvectors and
eigenvalues, see A. C. Chiang, Funda-
mental Methods of Mathematical Eco-
nomics (New York: McGraw-Hill,
1974), pp. 340—45.

3. For a review of Markowitz’ approach
Sfor estimating portfolio risk, see M.
Kritzman, “What Practitioners Need
to Know About the Nobel Prize,” Fi-
nancial Analysts Journal, January/
February 1991.
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